Abstract. We consider many-particle diffusion in 2D colloidal suspensions with hydrodynamic interactions within a mode-coupling approach. We focus on the behaviour of the effective scaled collective diffusion coefficient D C (ρ)/D 0 as a function of the density of the colloids ρ, where D 0 is the single-particle diffusion coefficient. We find that D C (ρ) is strongly coupled to hydrodynamical conservation laws and is distinctly different from the purely dissipative case without hydrodynamic interactions, in that it may display a minimum at intermediate densities. Our results for the density dependence of D C (ρ)/D 0 are in good agreement with recently published simulation data.
Introduction
The diffusive dynamics of particles in confined geometries, and in two dimensions (2D) in particular, is an important problem with many applications in surface and colloidal science [1] - [3] . Some of the questions that have been addressed recently concern the form of effective interactions between macroscopic ions in a colloidal suspension [4, 5] and the effects of hydrodynamic interactions (HIs) on the diffusive properties of colloidal particles [6] - [10] . Most studies to date have focused on tracer diffusion of the colloidal particles in 2D. While the single-particle limit in the ideal case is trivial, no exact analytic results exist for finite densities. In this regime many-body effects manifest themselves through memory effects. The situation is even more complicated when the HIs mediated by the solvent in a colloidal suspension are taken into account. Recent works on the selfdiffusion of colloidal particles in 2D and quasi-2D [6] - [11] indicate that HIs can strongly influence self-diffusion. For hard spheres (and short-range repulsive particles), HIs have been shown to slow down self-diffusion [8, 11] . The case is more subtle in systems where interactions are softer and relatively long-ranged, since then self-diffusion appears to be enhanced [6] - [10] . Hence, the influence of HIs is subtle and depends on the interplay between various interactions.
While self-diffusion has been extensively studied, much less is known about collective diffusion. For the Brownian case, it is a well-known result that the density dependence of the collective diffusion coefficient D C (ρ) is completely determined by the thermodynamic factor (proportional to inverse compressibility), which for the hard sphere case increases monotonically with increasing ρ (see figure 1 ) [12] . Recently, new powerful mesoscopic simulation methods have been applied to the 2D case of colloids with short-range repulsive and full hydrodynamic interactions, to study D C [11] . As the main finding, it was concluded that the influence of HIs was dramatic: the scaled effective collective diffusion coefficient D C (ρ)/D 0 , where D 0 ≡ D C (ρ = 0), was found to have a local shallow minimum for small densities. Even beyond the minimum, D C (ρ)/D 0 was found to increase much more slowly as a function of density than in the Brownian case.
To better understand the role of the HIs for collective diffusion, we present here a mode-coupling analysis of D C (ρ) for a system of colloidal particles in a 2D solvent, with parameters corresponding to the simulations in [11] . Our results confirm the observed non-monotonic behaviour of D C (ρ)/D 0 for intermediate densities, and we find that this quantity can indeed display a shallow minimum in agreement with the simulation data. The reason behind this behaviour is a large contribution to the effective friction arising from the HIs in the colloid system.
Definition of collective diffusion in finite systems
To describe the dynamic behaviour of the colloid particles it is useful to define a generalized collective diffusion coefficient D C ( r − r , t − t ), defined within the linear response theory through the position and time-dependent flux j( r, t) as [13] :
Its Fourier and Laplace transform is given by
Here Ω L is the area of the 2D system, and L is its characteristic linear dimension. In the thermodynamic limit the true diffusion coefficient corresponds to the quantity D C ( k = 0, z = 0). However, for a finite system of size L, the allowed values of the wavevector k are restricted to
where R L is the (small) radius of the diffusing particles. For such systems, the inverse of equation (2) takes the form
According to this definition, the generalized diffusion coefficient is still nonlocal. To obtain the local D C , we simply neglect the influence of distant points and set r − r = 0, and consider the hydrodynamic limit of z = 0. Within this approach we can write the effective collective diffusion coefficient D C in a finite system in the form
Mode-coupling theory of collective diffusion
The system we consider here consists of N c identical hard discs in 2D, which diffuse in a background solvent. The radius of the colloid particles is denoted by R, their mass by M, and n is the number of particles in unit volume in a finite system of linear size L. The mass of the solvent particles is given by m (m M), and the friction associated with the colloids in the solvent is Γ. The equilibrium temperature of the total system is T .
To explicitly calculate D C for the colloids, we follow [13] , where mode-coupling theory has been developed for diffusion. The Fourier-Laplace transform of D C is given by
where C, α are constants given by
and k B is the Boltzmann constant. To proceed further, it is necessary to introduce some approximations. First, for simplicity we take the hydrodynamic colloid friction γ 1 (k) = Γ to be constant. For the static structure factor of 2D hard discs S(k) we express it in terms of the direct correlation function c(r) as [15] S(k) = 1 + 4πn
The transport coefficient η(k, z) is calculated within the mode coupling approach as
where the bare transport coefficient is defined by
and the bilinear mode coupling contribution is
where D B C denotes the 'bare' diffusion coefficient, calculated from equation (6) using the contribution from η B alone. In the equations above,
and J l (x), K l (x) are Bessel functions, J , K their derivatives, g(2R) = c(2R), and c(k) is the Fourier coefficient of c(r). The approximate formula for these Fourier coefficients for the system of 2D hard discs has been determined by Rosenfeld [15] , and they are given by
with
As pointed out in [13] , the calculation of the bilinear MC term η MC is nontrivial because equation (11) diverges in the limit k, z → 0. In the present 2D case, strictly speaking, even the true diffusion coefficients diverge in this limit due to the long-time tail in the associated pair correlation functions. However, in [11] it was shown by numerical simulations that the scaled diffusion coefficient
is the single-particle diffusion coefficient, converges to a well-defined limit within the accessible system sizes and simulation times. We find that the same result holds for the MC calculations as well. In the MC approach, the (diverging) integration over k in equation (11) must be terminated at some finite K c to exclude unphysically large wavevector relaxation channels for the decay of fluctuations [13] . The cutoff wavevector K c depends strongly on density, and at high densities it becomes large enough so that the mode coupling terms become important. At low densities, on the other hand, K c is small, which leads to relatively small mode coupling effects. Following [13] we determine K c from the formula
which is based on estimating the MC contribution coming from the mean distance between mutual collisions of the colloid particles.
Results
To directly compare the predictions of the MC theory with the simulation data of [11] , there are a number of parameters that have to be chosen to be as close as possible to the simulations. First, we note that the colloidal particles in [11] had a pairwise interaction potential proportional to r −12 , which is a good approximation to a hard-sphere system for smaller densities. Thus, we do not expect any significant errors from using the 2D hard disc correlation function here. The specific set of parameters used for numerically solving the MC equations were: R = 1/2, M/m = 5 (m = 1), k B T = 2, L = 200, and Γ = 1. The dimensionless units here correspond to those in [11] . The quantity N c is given by the dimensionless colloidal density ρ defined in [11] as (2) is the data for a purely Brownian case from [16] , where hydrodynamic interactions have not been included. The discrete data points are from [11] and have been obtained by coarse-grained simulation methods.
The density ρ can also be related to the number of colloid particles in unit volume n:
in the present case where R = 1/2 and n = ρ.
In figure 1 we present the results of the MC theory for the scaled quantity D C (ρ)/D 0 , with the parameters described above. The agreement with the simulation data (solid points) is remarkably good with the choice M/m = 5 in figure 1 . The monotonic increase of D C (ρ)/D 0 for the Brownian case from [16] is also shown for reference. The main result of the MC calculations is that there is indeed a shallow but clear minimum of D C (ρ)/D 0 at low or intermediate densities, as suggested based on the simulation data in [11] . This minimum comes from the competition between the inverse compressibility and the centreof-mass mobility D cm (ρ), whose product is proportional to D C (ρ). It has been shown in [11] that the inverse compressibility is virtually unaffected by the HIs, and thus it is the strong decrease in D cm (ρ)/D 0 that leads to the shallow minimum. The choice of the parameters in the MC theory warrants some discussion. In the simulation method of [11] , the effective solvent particles are coarse-grained and the choice of M/m = 5 here corresponds to the ratio of these effective masses. In figure 2 we show the results from the MC theory when this ratio is large. Increasing M/m actually reduces the effective mobility further (see the inset of figure 2), leading to a more visible minimum in D C (ρ)/D 0 . However, the overall dependence of the scaled diffusion coefficient on the mass ratio is relatively weak for M/m 1. To check the dependence of the results on the other parameters, we first checked that our results do not depend on L or Γ. As expected, however, there is weak dependence on the radius of the particles R. Although this dependence has no real physical origin, it can appear through the approximation of the structure factor and from the cut-off vector K c , which is also a function of R. The cut-off vector K c plays an important role in the numerical integration of the mode coupling contribution. While changing K c influences the absolute magnitude of the diffusion coefficient, the density dependence of the scaled diffusion is not strongly affected, and thus we have used values of K c obtained from equation (17). We also tested the density dependence of the static structure factor and we obtained very good agreement with the values presented in [11] .
To better understand the physical reasons behind the MC results for colloidal particles in a 2D solvent, we determined the values of the transport coefficients η B and η MC for some values of k. From our results we can see that the rapid decrease of D cm (ρ), which is responsible for the local minimum in D C (ρ), is a result of the strong increase of the mode coupling term η MC with density, especially above ρ ≈ 0.6. We can thus conclude that the HIs considerably increase the effective friction experienced by hard-core colloidal particles as compared to the purely dissipative case, leading to reduced mobility of the particles.
Conclusions
To summarize, we have presented analytical results based on the mode coupling theory of the density dependence of the collective diffusion coefficient of 2D colloidal particles. Our results are in good agreement with numerical simulations presented in [11] , when the system parameters are chosen to approximately correspond to those in the simulations. Most importantly, we find that D C (ρ) is strongly coupled to the HIs, leading to a strong reduction in the centre-of-mass mobility of the colloid particles as compared to the purely Brownian case. This leads to a shallow but distinct minimum in the scaled diffusion coefficient D C (ρ)/D 0 at intermediate densities, in agreement with the simulations. We also find that the minimum is rather insensitive to the system parameters, and thus should be a rather generic feature in colloidal systems with short-range repulsive interactions.
